Abstract: This paper studies an effective finite difference scheme for solving two-dimensional 
Introduction

10
Demands of highly effective, efficient and reliable numerical methods have been increasingly 11 high for solving option trading modeling equations involving cross-derivative terms. However,
dS(t) S(t)
= µdt + y(t)dW 1 (t), dy(t) = κ(η − y(t))dt + σ y(t)dW 2 (t),
where µ is the expected return of the asset, κ is the rate of reversion to the mean level of the 39 volatility, η is the mean level of the volatility, σ > 0 is the volatility parameter, and cov (u, v) 40 is the covariance between u and v [9,21]. The two Wiener processes W 1 (t) and W 2 (t) describe 41 the random noise in asset and volatility, respectively. They are assumed to be correlated with a 42 constant correlation coefficient ρ ∈ [−1, 1].
43
Let v(S, y, t), t ≥ 0, denote the value of a European put option that is a function of asset price, volatility and time. An application of Itô's Lemma and the non-arbitrage principle with a construction of risk-less portfolio leads to [5, 7, 9, 12 We may extend the temporal domain for (1.2)-(1.7) by allowing T = ∞. Further, for the sake of 47 computations, we consider a truncated spatial domain Ω = {(x, y) : −X < x < X; 0 < y < Y}
48
for sufficiently large X and Y in the rest of our investigations.
49
In the next section, a nonuniform spacial mesh will be introduced. Based on it, 50 a semi-discretized system will be derived for solving (1.2)-(1.7). Dynamically balanced 51 up-downwind difference approximations will be presented. A general linear stability analysis 52 will be implemented in Section 3. Computational experiments will be carried out in Section 4.
53
Computationally evaluated rates of convergence of the scheme will also be provided. Finally,
54
conclusions and future research intentions will be given in Section 5.
55
Results
56
2.1. Balanced up-downwind semi-discretized scheme
Further, let ∆ ,+ , ∆ ,− and ∆ ,0 be forward, backward and central difference operators 
.
We now approximate the diffusion terms in (1.2) by using the above, and derivatives in (1.6) and (1.7) via the following,
We approximate the advection terms in (1.2) through three different channels depending
64
upon relations between η and r.
65
Case 1: η > 2r. 
We propose that
Substitute all spacial derivative approximations into (1.2) and let w denote the approximate solution to u. We acquire the following linear system,
where w, f ∈ R MN and A ∈ R MN×MN is block tridiagonal in the form of where
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It is observed that in the event if ρ = −1, we have the following due to (2.7):
which indicate that uniform spacial grids must be employed. Thus, (2.9) reduces to
Nontrivial entries of A s are readily to obtain based on above discussions. 2.1.2. Case for ρ ∈ (0, 1].
76
We need the following restrictions on mesh steps in the case [20] :
Apparently, when ρ = 1, the above implies that a uniform spacial mesh with h = σk must be 77 used.
78
Different from (2.8), we consider a new dynamically balanced cross-derivative approximation,
Computational stencils for (2.8) and (2.11) are shown in Figure 2 .
In this circumstance, we obtain the following new system,
Nontrivial entries ofP m ,D m andQ m within their respective ranges of m are given by
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The semi-discretized method (2.12) reduces to a uniform scheme when ρ = 1, that is,
Nontrivial elements ofÃ can be determined from simplifications of the above formulae. 
Numerical stability
84
It is readily to verify that the the solution to (2.9) is where τ * ∈ (0, T). We provide detailed proofs for the first three types of discs. Similar arguments can be applied 102 to the rest cases.
103
CASE 1: In this situation, we first consider the situation in which η < y n ≤ Y. Let z ∈ S i be 104 any complex number, where S i is a Geršhgorin disc centered at an internal point of the spacial 105 grids. Thus,
Let α be the real part of z. Since we are concerned only about the upper bound of the real 107 part of the eigenvalues, we may replace z by α via a triangle inequality, and remove absolute 108 value sign on the left hand side of (2.2). As a consequence, (2.2) renders to
Recall (2.10) and that ρ > 0. We have
The above indicates that
Furthermore, since y > η > 2r, we conclude that
Therefore, the term inside each pair of absolute signs in (2.3) must be positive. We may remove all absolute signs in (2.3), and, subsequently, yields
which is what we expect. Generalizations of the discussion for cases involving y ≤ η are for any complex number z ∈ S i , where S i is a Geršhgorin disc satisfying
Similar to the previous case, we take α, the real part of z. Thus,
The above apparently implies that such an S i must lie strictly on the left half of the complex plane,
116
and the origin cannot be on its boundary. This ensures our expectation.
117
CASE 3: In the circumstance, Geršhgorin discs, S i , concerned are centered at boundary points
118
where a Neumann condition is imposed. Hence, for any z ∈ S i we have
The above indicates that α, the real part of z, must satisfy
Recall Lemma 3.2. Since the origin cannot lie on the boundary of every Geršhgorin disc, combining results from the three cases, we conclude immediately that all eigenvalues of A must be strictly on the left half complex plane. Thus, we must have
The above completes our proof. Consider (1.2)-(1.7). Similar to discussions in [22] , we fix X = 8, Y = 1. We first concentrate on experiments with ρ = −0.5 and T = 0.5. Next, to test against extreme cases in the option key parameter value used strike price K = 100 interest rate r = 0.05 mean reversion speed κ = 2 long-run mean of volatility η = 0.1 market, we proceed with ρ = −1 and T = 5. For demonstrating the numerical solution and its rate of convergence estimates, we first consider uniform spacial grids. To this end, we may denote that
Results over nonuniform grids will be presented later on.
122
Some key parameters used are shown in Table 1 . Further, a Crank-Nicolson type temporal 123 integrator will be utilized for advancing our semi-discretized system (2.9), (2.12), with ∆τ as the 124 temporal step [18] . It has been known that λ = ∆τ/c 2 , where c = min {h, k} , play an effective 1.
127
Our semi-discretized scheme is expected to be up to the first order in convergence in we let u m,n;h/2 and u m,n;h/4 be computed solutions obtained by using h/2 and h/4, respectively.
132
Thus, the point-wise rate of spatial convergence at T can be evaluated via since they asymptotically fit into profiles of our option solution v as shown in experiments associated with uniform spacial meshes. Our nonuniform grids are generated via an arc-length equal-distribution principal for functions z 1 , z 2 in S-and y-directions, respectively. The principal is commonly utilized in adaptive computations and serves as an initial exploration for more sophisticated adaptations [3, 20] . The calculation of the mesh coordinates in our experiments is conducted based on a forward Euler formula for arc-lengths [18] . For instance, in the S-direction we have
where is the total arc-length, that is,
While the distribution functions z 1 , z 2 are shown in Figure 8 , their composite surface plots can 154 be found in Figure 9 . The latter characterizes the 2-dimensional profile of our grids distribution.
155
The numerical solution acquired over such nonuniform grids, with ρ = −0.5 at T = 0.5 is given
156
in Figure ? ?. out to verify our expectations both on uniform and nonuniform grids.
164
The spectral norm is used throughout this paper. The study can be extended by using 165 different Euclidean norms. Our ongoing research has been including effective schemes on 166 variable spacial and temporal meshes for different financial products and simulations. We have 167 also been considering effective adaptation strategies such as those investigated in [16, 18] .
168
Our future endeavors also include improving the computational efficiency through 
